ISyE/Math/CS/Stat 525 — Linear Optimization
Spring 2020

Assignment 1

Due date: February 11 at 2pm.

Instructions and policy: This assignment contains two sections, one including mandatory exercises, and
one with optional exercises, that serve for extra-practice.

Undergraduate students should handle in only the mandatory exercises that are marked with [U].
Graduate students should handle in only the mandatory exercises that are marked with [G].

The assignments should be submitted electronically in Canvas. Late submission policy: 10% of total
points will be deducted per hour. IMPORTANT: Plan on submitting well before the deadline. If a technical
problem occurs, and you cannot resolve it by the deadline, send an email to the TA before the deadline and
attach your solution.

Students are strongly encouraged to work in groups of two on homework assignments. To find a partner
you can post on the “Discussions” section in Canvas. Only one file should be submitted for both group
members. In order to submit the assignment for your group please follow these steps in Canvas: Step 1.
Click on the “People” tab, then on “Assignment”, and join one of the available groups for the assignment;
Step 2. When also your partner has joined the same group, one of the two can submit the assignment
by clicking on the “Assignments” tab, then on the assignment to be submitted, and finally on “Submit
assignment”. The submission will count for everyone in your group.

Groups must work independently of each other, may not share answers with each other, and solutions
must not be copied from the internet or other sources. If improper collaboration is detected, all groups
involved will automatically receive a 0. Students must properly give credit to any outside resources they use
(such as books, papers, etc.). In doing these exercises, you must justify all of your answers and cite every
result that you use. You are not allowed to share any content of this assignment.

Mandatory exercises

ExXercise 1 [U] cuuuuuuuniiiiiiiiiiiiii ittt ttnniiiinneeeeeennns 5 points
Consider the following Linear Program:

min 3x1 + 229 + 3
st. x14+x9—23=2
T, + 229 <5
201 —x3 >4

r1 >0, x2 > 0.

(a) (2 points) Determine a matrix A and vectors b, ¢ such that the problem can be written in the form:

min ¢’z

s.t. Az > b.

(b) (3 points) Rewrite the problem in standard form.
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EXercise 2 [U[G] cuvunniiiittttttitiiiiiiiiiiieiiaeeeeeeeeeennunnnnsnseeeeaseeeees 3 points
A function f:R™ — R is called convez if for every z,y € R™, and every A € [0, 1], we have

fAz+ (1 =Ny) < Af(2)+ (1 =N f(y).

Let f:R™ — R be defined as f(z) = > ., fi(z) for z € R", where f; : R® — R is a convex function for
each i =1,...,m. Show that f is convex.

EXercise 3 [U[G] cvuurniiintttttttiiiiiiiiiiiiiiiieneeeeeeeeeennnnnnnnnseeeeaeeeeens 6 points
A farmer needs to buy five kinds of fertilizer for each of which he requires 185, 50, 50, 200, and 185 tons,
respectively. The fertilizers can be purchased from four distinct dealers that can each provide at most
350, 225, 195, and 275 tons of fertilizer in total. The prices (in USD) per ton of fertilizer of each dealer
are depicted in the subsequent table:

Fert. 1  Fert. 2 Fert. 3 Fert. 4 Fert. 5

Dealer 1 45.0 13.9 29.9 31.9 9.9
Dealer 2 42.5 17.8 31.0 35.0 12.3
Dealer 3 47.5 19.9 24.0 32.5 12.4
Dealer 4 41.3 12.5 31.2 29.8 11.0

The farmer seeks to minimize his expenses. Formulate this problem as a Linear Program.

EXercise 4 [U[G] cuuuuniinittttttiiiiiiiiiiiiiiiieneeeeeeeteeruannnnnnseeeeaseeees 8 points
An oil company buys fuels from large producers and sells fuels and gasolines (gasolines are mixtures
of fuels) to smaller companies. The fuels properties, availability, cost and resale price are given in the
following table:

fuel type octane number available amount price/barrel resale price/barrel
in barrels/day
1 68 4000 $ 31.02 $ 36.85
2 86 5050 $ 33.15 $ 40.99
3 91 7100 $ 36.35 $ 42.95
4 99 4300 $ 38.75 $ 45.15

Three types of gasoline A, B and C are produced, with a required octane number of at least 95 (A), 90
(B) and 85 (C). Note that the octane number of a mixture is simply the weighted average over the fuels
contained. The gasolines will be sold at a price of § 45.15 (A), $ 42.95 (B) and $ 40.99 (C) per barrel.
Fuels that are not used to produce gasoline will be directly sold at the resale price.

(a) (7 points) Formulate a linear program for the problem of maximizing the daily profit of the oil
company. Declare your variables and briefly describe your constraints.

(b) (1 point) Without solving the linear program that you derived in (a), can you say how many barrels
per day will be bought of each fuel type?

EXercise 5 [UJ[G] cuuut ittt ittt iiiiiee i iiineeeinneeeennneeeennneeeennns 8 points
A paper manufacturer produces paper rolls of a standard width of 105cm and length L cm. However,
the customers demand rolls of length L cm but of a smaller width. The manufacturer is faced with the
following orders.

# rolls  width (cm)
100 25
125 30
80 35
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To meet the demand, rolls of standard width are cut into rolls of smaller width. One roll can, for
instance, be cut into two rolls of width 35cm and one roll of width 30 cm. This cutting pattern yields
a loss of 5 L cm? of paper. The goal of the manufacturer is to minimize the loss of paper for the above
demand. Formulate this problem as an Integer Linear Program (An Integer Linear Program is a linear
program where each variables is required to be integer).

53 o I . 5 points
Consider a set P described by linear inequalities constraints, that is, P = {& € R" | ajz < b;,i =
1,...,m}. A ball with center y and radius r is defined as the set of all points within (Euclidean)
distance r from y. We are interested in finding a ball with largest possible radius, which is entirely
contained within the set P. Provide a linear programming formulation of the problem.

Optional exercises

D2 o =< A 0 points
Consider a school district with I neighborhood, J schools, and G grades at each school. Each school j
has a capacity of C;, for grade g. In each neighborhood 4, the student populations of grade g is S;g.
Finally, the distance of school j from neighborhood ¢ is d;;. Formulate a linear programming problem
whose objective is to assign all students to schools, while minimizing the total distance traveled by all
students. (You may ignore the fact that the numbers of students must be integer.)

D2 o 1= < T < TP 0 points
A company produces and sells two different products. The demand for each product is unlimited, but
the company is constrained by cash availability and machine capacity.

Each unit of the first and second product requires 3 and 4 machine hours, respectively. There are 20,000
machine hours available in the current production period. The production costs are $3 and $2 per unit
of the first and second product, respectively. The selling prices of the first and the second product are
$6 and $5.40 per unit, respectively. The available cash is $4,000; furthermore, 45% of the sales revenues
from the first product and 30% of the sales revenues from the second product will be made available to
finance operations during the current period.

(a) Formulate a linear programming problem that aims at maximizing net income subject to the cash
availability and machine capacity limitations. Recall that the net income is the sales revenue minus
the production cost.

(b) Solve the problem graphically to obtain an optimal solution.

(¢) Suppose that the company could increase its available machine hours by 2,000, after spending $400
for certain repairs. Should the investment be made?
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